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Abstract. In the paper the algebra of invariants of the adjoint action 
of the unitriangular group in the nilradical of a parabolic subalgebra 
is studied. We set up a conjecture on the structure of the algebra 
of invariants. The conjecture is proved for parabolic subalgebras of 
special types. 



Consider the general linear group GL(n, K) defined over an algebraically 
closed field K of characteristic 0. Let B [N, respectively) be its Borel (maximal 
unipotent, respectively) subgroup, which consists of triangular matrices with 



Q\ • nonzero (unit, respectively) elements on the diagonal. We fix a parabolic 

subgroup P that contains B. Denote by p, b and n the Lie subalgebras in 



0^ 
00 
t:;^- I flK^) ^) ^hat correspond to P, B and A^, respectively. We represent p = r©m 

^ I as the direct sum of the nilradical m and a block diagonal subalgebra r 

O ■ with sizes of blocks {rii, . . . ,ns). The subalgebra m is invariant relative to 

the adjoint action of the group P, therefore m is invariant relative to the 

adjoint action of the subgroups B and A^. We extend this action to the 

representation in the algebra K[xn] and in the field K{m.). The subalgebra m 

contains a Zariski-open P-orbit, which is called the Richardson orbit (see [RJ). 

^.' Consequently, i^[m]''^ = K. In this paper, we study the structure of the 

algebra of invariants i^[m]^. In the case P = B, the algebra of invariants 

ir[m]''^ is the polynomial algebra K[xi2, ^23, . . . , Xn-i,n]- Let t be the sum of 

two blocks; this case was considered by M. Brion in the paper jB]. A complete 

description of the field of invariants i^(m)^ for any parabolic subalgebra 

is a result of [SJ. The question concerning the structure of the algebra of 

invariantss K[m]^ remains open and seems to be a considerable challenge. 

We do not know when the algebra of invariants K{xn)^ is finitely generated. 
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In this paper, we consider the series of polynomials (see the notations 
dS]), &, O) in the algebra of invariants. We show that these polynomials 
generate the algebra of invariants in special cases (Theorems 14.11 and 15. 2p . 
We state a conjecture on the structure of the algebra of invariants ii'[m]^ 
(Conjecture 15. 4p . 

§1. The main definitions 

We begin with definitions. Every positive root 7 in Ql{n, K) has the 
form (see |GG] ) 'j = Ei — Ej, 1 ^ i < j ^ n. We identity a root 7 with 
the pair {i,j) and the set of the positive roots A+ with the set of pairs {i,j), 
i < j. The system of positive roots A+ of the reductive subalgebra r is a 
subsystem in A"^. 

Let {Eij : i < j} he the standard basis in n. By E^ denote the basis 
element Eij, where 7 = {i,j)- 

We define a relation in A"*" such that 7' ;^ 7 whenever 7' — 7 G A+. If 
7 -< 7' or 7 :^ 7', then the roots 7 and 7' are said to be comparable. Denote 
by M the set of 7 G A+ such that E-y G m. We identify the algebra K[m\ 
with the polynomial algebra in the variables Xij, {i,j) G M. 

Definition 1.1. A subset S* in M is called a base if the elements in S are 
not pairwise comparable and for any 7 G M \ S" there exists C, & S such that 

Definition 1.2. Let A be a subset in 5*. We say that 7 is a minimal 
element in A if there is no ,^ G A such that 7 >- ^. 

Note that M has a unique base S, which can be constructed in the 
following way. We form the set 5*1 of minimal elements in M. By definition, 
5*1 C S. Then we form a set Mi, which is obtained from M by deleting 5*1 
and all elements 

{7 G M : 3 e G ^1, 7 ^ O- 

The set of minimal elements S2 in Mi is also contained in S, and so on. 
Continuing the process, we get the base S. 

Definition 1.3. An ordered set of positive roots {71, . . . ,7s} is called a 

chain if 71 = (01,02), 72 = (02,613), 73 = (03,04), and so on. The number s 
is called the length of a chain. 

Definition 1.4. We say that two roots C,,C,' & S form an admissible pair 
q = (^, ^') if there exists a^ G A+ such that the ordered set of roots {^, a^, ^'} 
is a chain. Note that the root Oq is uniquely determined by q. 



We form the set Q := (5(p) that consists of admissible pairs of roots in 5*. 
For every admissible pair q = {^, ^') we construct a positive root ipg = Og + C,'- 
Consider the subset $ = {(fq : q G Q} in the set of positive roots. 

Definition 1.5. The set 5 U $ is called an expanded base. 

Using the given parabolic subgroup, we construct a diagram, which is a 
square matrix in which the roots from S are marked by the symbol and the 
roots from $ are labeled by the symbol x . The other entries in the diagram 
are empty. 

Example 1.6. Below a diagram for a parabolic subalgebra with sizes of 
its diagonal blocks (2,1,3,2) is given. 
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Diagram 1 

Consider the formal matrix X in which the variables Xij occupy the 
positions {i,j) G M and the other entries are equal to zero. For any root 
7 = (a, 6) G M we denote by 5*^ the set of ,^ = {i,j) G S such that i > a 
M j < h. Let S*^ = {(ii, Ji), . . . , {ikijk)}- Denote by M^ a minor M/ of the 
matrix X with ordered systems of rows / and columns J, where 



ord{a, ii 



ik], J = ord{ji,...,jfc,6}. 



For every admissible pair q = (^,^') such that q corresponds to </) G $, 
we construct the polynomial 



E 



Mg+„,M«,+5,. 



(1) 



«i,a26A+U{0} 
ai+a2=aq 



Theorem 1.7. |PS| For an arbitrary parabolic subalgebra, the system of 
polynomials 

{M^, e e 5, L^, (^ G $, } 

is contained in K[xn]'^ and is algebraically independent over K. 



Denote by y the subset in m that consists of matrices of the form 

Yl ^«^5 + Yl 4^^' 

where c^ 7^ and c^ 7^ 0. 

Definition 1.8. The matrices from y are said to be canonical. 

The proof of the following theorem is found in [S]. 

Theorem 1.9. There exists a nonempty Zariski-open subset U G xn such 
that the N -orbit of any x E U intersects y at a unique point. 

Now let S be the set of denominators generated by minors M^, ^ G S. 
Consider the localization if [m]^ of the algebra of invariants if [m]^ with 
respect to S. Since the minors M^ are A^-invariants, we have 

K[m]^ = {K[m]sf. 

The following results are consequences of Theorem 11.91 

Theorem 1.10. The ring K[m\g is the ring of polynomials in Mc ^, 
^ E S, and in L^, (y9 G $. 

Theorem 1.11. The field of invariants K{vc\)^ is the field of rational 
functions of M^, C, E S, and L^^, </)€$. 

The polynomials M^ and L^ do not generate the algebra of invariants. We 
prove in §4 and §5, respectively, that if the reductive subalgebra x consists 
of three blocks or of four blocks with sizes (1,2,2,1), then the algebra of 
invariants if [m]^ is not generated by the invariants M^ and L^. Let the 
reductive subalgebra consist of blocks with sizes (2, k,2), k > 3, or with sizes 
(1, 2, 2, 1). We construct a polynomial D such that the algebra of invariants 
is generated by D and by the invariants M^ and L^. 

§2. The other definition of the invariant L^^ 

In the present chapter, we give the alternative definition of the invariant L^, 
where </?€$. 

Let I and I' be two systems of rows, and let J and J' be two systems of 
columns: 

I = {i,i + l,. . .,i + k}, 

J = {j,j + l,...,j + /}, 



/ = {/,/ + !,...,/ + /'}, 

where i + k < j' ^ i' and j' + I' ^ i' + k' < j. Suppose the minors X/ and 
X/, are bordered by zeros from below and left in X, where X/ is the minor 
of the matrix X with systems of rows / and columns J'. In other words, if 
for any positive root (a, b) one of the following conditions holds 

1) a G / and b < j', 

2) a e I' and b < j, 

3) a > i + k and b G J', 

4) a> i' + k' and b e J, 

then the root (a, b) is not in the system M. Let k + k' = I + 1'. The following 
determinant is one of order k + k' + 2: 



D 






x/' 


(X^)/ 





x/, 



(2) 



where the minor X/ of the matrix X is formed by systems of rows / and 

columns J . 

J J' 
Definition 2.1. The determinant D^'p is called a combined minor. 

Lemma 2.2. A combined minor ([2]) is an N -invariant. 

Proof. A polynomial H is an A^-invariant if H is an invariant under 
the adjoint action of all one-parameter subgroups gm{t) = E -\- tEm,m+ii 
1 ^ m < n, where ii^ is a matrix unit. The adjoint action on the matrix X 
by gm{t) reduces to the composition of two transformations: 

1) the row with number m + 1 multiplied by t is added to the row m of 
the matrix X; 

2) the column with the number m multiplied by —t is added to the column 
with the number m + 1 oi the matrix X. 

We show that the polynomial ([2j) is an invariant under the adjoint action 
of gm,m+i{t)- Without loss of generality, it can be assumed that i + k = j' — 1, 
i' + k' = j — 1 and the minors X/ , X/,, and (X^)/ have the following form 



X 



J' 






•^i+k,j' •^i-\-k,j'-\-l 



Xi+k,j'+l' 



x/, 



ix- 



2\J 





-^i' ,j 


Xj/j+i 


Xi'J+l 


Xi'+lJ 


Xi'+l,j+l ■ ■ 


■ Xi'+ij+i 


Xi'+k',j 


Xi'+k',j+l ■ ■ 


■ Xi'^k',j+l 




Xi+l,j 


Xi,j+1 
Xi+l,j+l ■ 


Xi,j+l 




Xi+k,j 


Xi+k,j+l ■ 


• • XiJ^k,j+l 



i'+k' 



where Xa,b = 2. Xa,pXp^b for any a E I nb E J . li m < i or m + 1 > j + 1, then 

p=j' 
the adjoint action of the element gm,m+i{t) doesn't change the minor ([2]). 

1. Suppose i ^ m < i + k; then the action of the element gm,m+i{t) changes 
the variables Xa,b of the minor Dj'j, such that a = m and doesn't change 
the other variables. Therefore 

gm,m+l\J^) X-m,p X-m^p t-^^rra+ljP) J ^ P <^ 'i i i^ j 

i'+k' i'+k' i'+k' 

ymjm+ly^ ) / J XjjipXpi) / ^ XjjipXpf) Z ^ ^ Xf^i+X^pXp^b- 

p=j' p=j' p=j' 

Then we have 

gm,m+l{'t)^I' = Xj/, 
gm,m+l{t)^j = Xj —tDi. 

The order of Di is equal to the order of X/ . The minor Di is formed 
by the columns J' and Di has two identical rows with numbers m + 1 
and m. Further, 



gm,m+imXyj = {Xyj -tD2, 

where the order of D2 is equal to the order of (X^)/. The minor D2 has 
two identical rows with numbers m and m + 1. 

Thus, 



^jj 



gm,m+l\J)J-^jji — fi'm,m+l (.t-J 



x/' 


(X^)/ 





x/, 



x/' 


(X^)/ 


-t 


Di 


/^2 





x/, 





x/, 



The minor that consists of Di, 1^2, and X/, has two identical rows; 
therefore this minor is equal to zero. We have 



2. Let i + k ^ m < j. For any a E I and 6 G J we have 



i'+k' 



m—l 



9m,m+l\J^ ) / J •^a,p-J^p,b / ^ •^a,p-^p,h ~r Xa^m\S^Tn,h ''•^m+l,bj~r 



P=J 



P=3 



Zl^- 



p-^p,b^ 



i'+k' i'+k' 

\\S^a,m+l ~r ^'Xa^m)-^m+l,b ~r ^ ^ ^a^pXp^h 

p=m+2 P=j' 

i.e., the adjoint action of the element gm,m.+i{t) does not change the 
minor (X^)/. Besides, the action of the element gm,m+i{t) adds the 
column with the number m to the {m + l)th column of the minor X/ 
and the (m + l)th row to the ?7ith row of the minor X/,. Thus the minor 
Dj'j, is a (7m,m+i(^) -invariant. 

3. For j ^ m < j + I, the proof is similarly. □ 

We shell show that the invariant L^ is a combined minor ([2]) for any 
systems 1,1', J, J'. 

Definition 2.3. Any root {i,j) G M satisfying the conditions 

Rk-i < i ^ Rk and R^ < j ^ n, 

is called a root lying to the right of the kth block in r. 

Definition 2.4. Any root {i,j) G M satisfying the conditions 

1 ^ i ^ Rk-i and R^-i < J ^ Rk, 

is called a root lying to the above of the kth block in r. 

Let (f be any root from $. The root if corresponds to an admissible pair 
{^,C)- Let ^ = {i,i), i' = {l,m), and i < I. Assume that ip lies to the right 
of the kth block in r, i.e., Rk-i < j ^ Rk- Let the set S^ has p roots and 



let the set 5*^/ has q roots. We have i + p = Rk-i, i.e., the minimal root 7 in 
5*^, which has the greatest number of row, lies in the row with number Rk-i- 
Similarly, the root of the base that has the least number of column is also 
minimal; so we have I — q = Rk + 1. 
Denote 

I = {i,i + l,. . .,i+p}, J = {m - q, m - q + 1, . . . , m}, 

/' = {/ + 1,/ + 2,..., / + g}, J' = {j-p,j-p+l...,j-l}. 

p. Consider the following 



Then /| = p + I, 


J = q + i, r 


= q, 


J' =p 


combined minor 
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x/, 



where X/ is the minor of X with the systems of rows / and columns J. The 
order of L^p is equal to {p + q + 1). 

Proposition 2.5. We have the equation L^ = L^,. 



Proof. By Lemma [2. 2[ the polynomial L^ is an invariant. Let 

p : K[raf ^ K[y], p{f) = f\y 

be a restriction homomorphism. We calculate the invariants L^ and L^ on y. 
Let Y be the formal matrix in which the variables Xij occupy the positions 
{i,j) G S U $ and the other entries are equal to zero. 

Assume that the root ip corresponds to the admissible pair {C,,C,'), where 

and the sets S^, S^' consist of the roots 



5 SqJ 5 

respectively. 

Then using elementary transformations of columns, the minor Y/ of the 
matrix Y is reduced to the following minor of order {p + 1) x p: 







. 
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. 





X^2 • 

. 


. 
. 



The minor Yj, is reduced to the following minor of order g x (g + 1) by 
elementary transformations of rows: 



We have 



± 







x^/ 
3^€i 







x^, 

x^-^ 










x^, 








mi 



2\J 







xe 



xg. 
x^i 








= ±X5X^JJx5, ■ JJxjj. (3) 

3 = 1 t=l 

Direct calculations show that the invariant L^ on Y is equal to ([3]). 

Let we show that the mapping p is an embedding. Indeed, if / G Kerp, 
then / (AdTv y) = 0. By Theorem II. 9[ we have AdAr y. Then / = and p is 
an embedding. 

The invariant L^ is equal to L^ on 3^. Therefore L^ is equal to L^ on the 
pre-image p~^{y)- Finally, we get L^ = L^. □ 



§3. The additional set of A^-invariants 

Let p be any parabolic subalgebra. 

Now we introduce a system of A^-invariants that are not in the algebra 

Let (ij) G S U $. Denote 

^'^ (^ M(a,i) ■ M(^ij) if {i,j) G S and there is a number a such that 

(a,i) G S. 



Assume that for any numbers m < I and i < j the roots 

{m,i),{l,i),{m,j),{lj) (4) 

are contained in the expanded base. Obviously, the root (m, i) hes in the 
system $. Suppose that the root {m, i) corresponds to some admissible pair 

(e,e')eg,e,e'e5. 

Notation 3.1. Denote 

^- = w^ ■ ^^) 

Now assume that the following condition holds for the roots (jl]): there is 
not a number i, i < i < j, such that (m, i) G S* U $. 

Notation 3.2. Denote 

Clearly, all rational function (IS]), dnj, O are contained in the localization 
fi'[m]^, where the set S is generated by the minors M^, ^ G S*. We shall prove 
that the functions ([5]), ([6]), (jTj) are polynomials. 

Let the root (m, i) be to the right of the fcth block in r, i.e., Rk-i < m ^ 
Rk- Let the invariant C^ is constructed by roots 

(m,i), (m + l,i), (mj), (m + 1, j), 

which contained in the expanded base. Then there exists no number i such 
that i < i < j and {m,i) G $. If the root {m+ 1, j) lies in the system $, then 
{m + 1, j) corresponds to some admissible pair (^, ^'). If {m + 1, j) G S", then 
there exists a root ^ in the column with number m + 1. Indeed, (r7i + 1, i) G $ 
corresponds to an admissible pair that contains C,- In any case, we have that 
there exist the roots ^ = {a,m + l) and ^' = {b, j) for some numbers a and b. 
Consider the sets S^ and S^i. Suppose 5*^ contains p roots and S^> contains q 
roots. Since the root ^ lies to the above of the kth block in r, then we have 
a + p = Rk-i, i.e., the root from S^ that has the greatest number of row is 
contained in the row Rk-i- Similarly, j — q = Rk + 1. 

Example 3.3. Suppose the reductive subalgebra r is formed by the blocks 
(3, 1, 4, 1, 2, 3). We have the following diagram. 
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Diagram 2 



Consider the invariant C5 . The invariant corresponds to the roots 

(5, 11), (6, 11), (5, 14), (6, 14) 

from the expanded base. By the above notations, we have ^ = (2, 6) and 
(' = (6,14),p = 2, andg = 5. 
Denote 

I = {a,a+l,...,a + p}, J = {j -q,j -q + l,...J}, 

r = {b + 2,b + 3,...,b + q}, J' = {m-p+l,m-p + 2...,m-l}. 

Then|/|=p + l, |J|=g + l, |/'| = g — 1, | J' | = p — 1 . Consider the following 
combined minor of order {p + q)'- 



^m — ^1,1' 



where the minor X/ of the formal matrix is formed by the intersection of 
rows / and columns J. 

Example 3.4. The polynomial C^^ of Example 13.31 is formed in the 
following way. 



x/' 


(X^)/ 





x/, 



^2,3,4 







r^2\9,10,ll, 12, 13,14 
l^ J2,3,4 



X' 



9,10,11,12,13,14 
8,9,10,11 



11 



nl 



ci\ 



The reader will easily prove that C, 

Proposition 3.5. We have C^ = C^ for any numbers m and i. 

Proof. Let us show that C^ = C^. 
Let 

p:K[mf^K[yi p{f) = f\y 

be the the restriction homoniorphism. We show that p is an embedding. 
Indeed, if / G Kerp, then / (AdAr3^) 



0. Since by Theorem II. 9[ Adjv y is 
contained a Zariski-open subset, then / = 0. Therefore p is an embedding. 

By Lemma [272| the minor C^ is an invariant. We show that the invariant L^ 
is equal to L<^ on 3^. Let Y be the formal matrix such that the entries {i,j) 
in Y contain the variables Xij if {i,j) G S* U $ and the other entries is filled 
by zeros. We calculate the polynomial C^ and the invariant C^ on Y. 

Now assume that the roots 



^1 



(m + l,i), y93 = (m,j), V54 = (m + l,j) 



are in the expanded base and there exists no number i such that i < i < j 
and (m, i) G $. Suppose the root ip = (m+1, j) corresponds to the admissible 
pair 

e = (a,m + l), ^' = {b,j). 

Assume that the sets S^ and S^> consist of the roots 

where the roots C,p and ^' lie in the mth column and in the {b + l)th row, 
respectively. Then by elementary transformations of columns, the minor Y/ 
of the matrix Y is reduced to the following minor of order (p + 1) x {p — 1): 
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• ^^,-1 





^6 • 
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x^, 
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. 



By elementary transformations of rows, the minor Yj, is reduced to the 
following minor of order (g — l)x(g + l): 
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We have 
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X^i 
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H'^ 


















p-1 q-\ 

V 9-1 



X^X^2 x^x^^ 



s=l t=l 

By direct calculations, C^ coincides with (jHj) on Y. Thus C^ coincides with ([8]) 
on 3^, and we have C^ is equal to C^ on the pre-image p~^{y). So, C, 
C' . □ 

Thus the invariant C,^ is a polynomial. 

Proposition 3.6. We have A^^, B^i e K[m]^ . 






Proof. Let us prove that A"^^ is a polynomial. The proof for B 



m,l 



IS 



similarly. 

Suppose the roots {m,i), {m,j), {m + l,z), and (m + l,j), i < j, are 
contained in the expanded base and these roots lie to the right of the fcth 
block in the subalgebra r. We show that A^ is a polynomial. The proof is 
by induction. 

Assume that there are p roots to the above of the A;th block in S. It is 
easily shown that these roots are the following ones: 

(ii, Rk-i + 1), (^2, Rk-i + 2), . . . , (ip, Rk-i + p) 

for some ii > 12 > ■ ■ ■ > ip- Note that we have ii = Rk-i for the root 
(ii, Rk-i + 1). Suppose there are q roots in 5* to right of the kth block: 

{Rk,ji),iRk - l,J2),...,(i?fc-g + l,jg) 

for some ji < J2 < ■ ■ ■ < jq- We have ji = Rk + l- There exist the numbers v 
and w such that i = j^ and j = j^. Assume that w — v>2. Suppose the root 



13 



{m,jw) corresponds to the admissible pair {C,,C)- We fix the number m. We 
have the following equation 






(9) 



for any 1 < w ^ g. By Proposition 13.5^ the left part of the equation ^ lies 

in K[vc\\. But A:^'-'" is contained in the ring K\xn\ provided A^'^""-^ G K[rc\\. 
Finally from Proposition 13.51 the function 

lies in the ring i^[m]. □ 

Conjecture 3.7. Suppose the reductive subalgebra r consists of three 
blocks; then the algebra of invariants i^[m]^ is generated by the polynomials 
M^, ^ e S", L^, V2 e $, and the elements ©, ([6]), ([7]). 

§4. The algebra of invariants in the case (2, /c, 2) 

Assume that the reductive subalgebra of the parabolic subalgebra consists 
of three blocks with sizes (2,fc,2), fc > 3. We shall prove Conjecture 13.71 in 
this case. 

The roots 

^ = {(1,4), (2, 3), (A; +1, A; + 4), (A; + 2, A; + 3)}, 



$ 



(3, k + 3), (3, k + 4), (4, k + 3), (4, A; + 4) 



form the base and the system $, respectively. We have the following diagram 
for the parabolic subalgebra in the case (2, A;, 2). 
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Diagram 3 
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Denote 

Ml = M(2,3), M2 = M(i,4), Ni = M(fc+2,fc+3), N2 = M(fe+i,fc+4); 



'((2,3),{A:+2,fc+3))' ^^ ((2,3),(fc+l,fc+4)) ' 

2^ ~ ((l,4),{fc+2,fc+3)) ' 22 ~ ((l,4),(fc+l,fc+4)) • 

The nonzero polynomials (E]), ([6]) are not defined; the invariant ([7]) is the 
following one: 

D = C'+-' = Li2L2i-L,,L,, ^ 

^ MiNi ^ ' 

We show that the invariants Mj, A'j-, and Ljj, z,j = 1,2, do not generate 
the algebra of invariants i^[m]^. Denote 

So = ir[Mi, M2, A^i, A^2, i^ii, i^i2, ^21, ^22]. 

Assume the converse. Then i^[m]^ = B^. Therefore from Theorem 11.101 
it follows that there exists a polynomial / in 8 variables and there are 
numbers /j, i = 1, . . . , 4, such that 

^ ^ /(Mi, M2, A^i, A^a, Ln, L12, ^21, ^^22) 



Using f llOp . we get the identity, which contradicts the algebraic independence 
of the polynomials Mj, A^-, and Lij (see Theorem 1 1.7p . 

Theorem 4.1. For any parabolic subalgebra p such that the reductive 
subalgebra of p consists of three block with sizes {2,k,2), k > 3, it follows 
that the algebra of invariants K[xn]'^ is generated by the polynomials Mi, Aj, 
Lij, and D, where i,j = 1,2. 

Proof. Denote the set 

B = K[Mi, N„ Li„ I)]ij=i,2 C K[mf. 

We show that K[m]^ C B. 

As above, let S be the set of denominators generated by the minors Mi, 
Ni, where i = 1,2. From Theorem 1 1.101 it follows that the localization ^'[m]^ 
coincides with the algebra of Laurent polynomials 

k[{m;)^\ {n,)^\ ^^.•].,,=i,2- 

If / G A'[m]'^, then there exist natural numbers ki,k2,li, h such that 

/ ■ M^' M^^ n[' n!^' e Bo. 
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Suppose for any minor M from the collection {Mj, Ni}^^-^ ^ we have that 

if / G K[m] andM-feB, then f e B; 

then f e B. 

Let us prove that ii M ■ f E B, then / G ^B in the case M = Mi. The 
proof for the other cases is similarly. Suppose / G -ft'fm]^ and Mi/ G B. The 
polynomial Mif is equal to zero on Ann Mi. Let Oj, 6j, c^-, i, j = 1, 2, be any 
numbers in K. We construct a matrix 
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2, 



By direct calculation, we have 

MiiQi) = 0, M^iQi) = aia2, Ni{Qi) = h, N^iQi] 

LiiiQi) = aiC2i, LuiQi) = -ai&iC22, 
L2i{Qi) = aia2C2i, L22{Qi) = aia2&iC22, 
D{Qi) = aia2{ci2C2i - CiiC22)- 
Consider an algebra of polynomials 

A = K[ui, U2, t^l, t;2, Wii, Wi2, W2l, W22, z] 

in 9 variables. Since the polynomial /Mi is contained in B, we have there 
exists a polynomial p{ui,U2, vi, V2, wu, wu, W2i,W22, z) in the algebra A such 
that 

/Ml = p(Mi, M2, iVi, iV2, Lii, L12, L21, L22, D). (11) 

Since /Mi = on AnnMi, we obtain [f Mi){Qi) = 0. It now follows that 

= (/Mi)(gi) =p(o, aia2, h, -6162, 

a2C2i, —a2biC22, 0102021, —010261022, 0102(012021 — O11O22)] • 
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By Z denote a subset in K'^ that consists of the following collections 

f 0, aia2, &i, —bib2, a2C2i, —0261022, 0102021, 

-O1O2&1C22, Oi02(ci2C2i - C11C22) ) , where Oj, 6^, c^- G -ft'. 



It can easily be checked that the polynomials Ui and W12W21 — WuW22 are 

equal to zero on Z. We show that the ideal Xz = \^ E A : f{Z) = [ is 

generated by ui and W12W21 — wnU!22- 

Let the ideal X be generated by the polynomials Ui, Wi2W2i—WuW22- Note 
that X is a relevant prime ideal. Indeed, the polynomial ^12^21 ~ 'U^ii'^22 is 
a irreducible one. Therefore the algebra 

A/I = A/{ui, W12W21 - WnW22) = ^2) 

= K[u2,Vi,V2,Wii,Wi2,W21,W22,z]/{Wi2W2l-WuW22) 

is a domain of integrity. Hence the ideal X is a relevant prime one. 

Since the polynomials Mi, W12W21 — w;iit(;22 vanish on the set Z, it follows 
that I G Iz and AnnX D Z. The dimension of the variety AnnX is equal 
to the transcendence degree of the quotient field of the algebra (IT2|) over K, 
i.e., dim AnnX = 7. 

Evidently, dim^ = 7, then dimAnnX = dimZ. Since AnnX D Z, we 
have AnnX = Z. We show that X = Xz- Suppose g G Iz- By the Hilbert's 
theorem on zeros, there exists a natural number A^ such that g^ G X. Since 
X is a relevant prime ideal, we have (? G X. Hence, Xz C X. Using X C Iz, we 
obtain Iz = X. 

Thus since p\z = ^, it follows that p E I. Therefore there exist polynomials 
Pi and P2 in the algebra A such that 

P = PiUi + P2{Wi2W21 - WiiW22)- 

Combining this with (ITT]) , we obtain 

/Ml = piMi + p2 (L12L21 - L11L22) = PiMi + P2M1N1D. 

Further, we have f = pi +P2N1D. So, / G i3. □ 

Corrolary 4.2. The algebra of invariants K[xn\^ is isomorphic onto the 
factor algebra 

ir[Xi, X2, X3, X4, Fl, F2, >^3, n, ^]/(X2X4Z - 1^21^3 + >^in) 

in the case (2, A;, 2), A; > 3. 
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§5. The algebra of invariants in the case (1, 2, 2, 1) 



Suppose the reductive subalgebra r of p consists of the blocks with sizes 
(1, 2, 2, 1). We describe the algebra of invariants in this case. The expanded 
base consists of the following roots: 

S = {(1,2), (3,4), (2,5), (5,6)}, $ = {(2,4), (4, 6)}. 

The diagram has the form 

12 3 4 5 6 
' ' ' ' ' ' ' 1 
2 
3 
4 
5 

^ ^ 6 

Diagram 4 

The roots of the expanded base correspond to the following invariants. 

Ml = M(i,2) = a;i,2, M2 = M(3,4) = ^3,4, 
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M, = M, 



(2,5) 

L2-- 



3^2,4 2:2,5 

3^3,4 3^3,5 



Ma = M, 



(5,6) — 2:5,6; 



(13) 



^(2,4) — 3^1,23^2,4 + 3^1,33:3,4, 
^(4,6) = 3:3,4X4,6 + 3:3,5X5,6- 



Consider a polynomial 

D = Xi,2X2,4X4,6 + Xi,2X2,5X5,6 + Xi,3X3,4X4,6 + Xi,3X3,5X5,6. 

Lemma 5.1. The polynomial D is an N -invariant, D is equal to the entry 
(1,6) of the matrix X^, and we have 

M2D = L1L2 - M1M3M4. (14) 

Proof. This lemma can be proved by direct calculations. □ 

Note that the algebra of invariants if [m]^ does not coincide with the 
algebra 

i3o = ir[Mi,M2,M3,M4,Li,L2]. 

Indeed, if i^[m]^ = Bq, then by Theorem ll.lUt there exists a polynomial 
/(ti, . . . , ^6) and there are natural numbers /j, i = 1, . . . , 4, such that 



D 



f{M^,M2,M,,M,,L^,L2 

~mI^m^mJ^m[^ 
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Hence using the equation fll4p . we obtain that the invariants (ITS]) are algebraically 
depended. This contradicts Theorem 11.71 

Theorem 5.2. Let the reductive subalgebra consists of the blocks (1, 2, 2, 1). 
Then the algebra of invariants is generated by the invariants (IT3|) and by the 
polynomial D. 

The proof is similarly to the proof of Theorem 14.11 

Corollary 5.3. The algebra of invariants K[xn]^ is isomorphic onto the 
factor algebra 

K[X,,X2,X,,X,,Y,,Y2,Z]/{X2Z-Y,Y2 + X,X,X,) 

in the case (1, 2, 2, 1). 

So, we have proved that the invariant D is the minor of order 1 of the 
matrix X^ in the case (1,2,2,1) (see Lemma 15. ip . By Proposition 13. 5[ the 
invariants C^ can be determined as combined minors, which are constructed 
by the formal matrices X and X^. Similarly, the basic invariants M^, ^ G S*, 
and L^, </?€$, are combined minors (see Proposition 12. 5p . Conjecture 15.41 
generalizes all cases. 

Let p be any parabolic subalgebra. Let /i, J2, . . . , /fc and Ji, J2, . ■ . , Jk 
be any collections of rows and columns, respectively, such that we have the 
following properties. 

1. |/i| + I/2I + . . . + 141 = I Jil + I J2I + . . . + I Jfcl- 

2. Let / be a set in the collection {/i, J2, . . . , Ik, Ji, J2, ■ ■ ■ , Jk}- If min I < 
i < max/, then i & L 

3. For any / = 1,...,A; — Iwe have 

max/; < min/i_|_i, min J^ > max J^+i. 

4. Suppose for a positive root (a, b) and a number / such that 1 ^ I ^ k, 
we have one of the following conditions: 

a) a > max/i and b G Jk-i+i, 

b) a G Ii and b < min Jk-i+i, 



Xj*" '+^ is bordered of zeros to the right and to the below in the matrix X 



then the root (a, b) is not contained in M. In other words, the minor 
Xf -"+' is bordered o] 
for any i = 1, . . . ,k. 
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We form a determinant, which is defined by the minors of the formal 
matrix X,X2 X'=: 



^Il,l2,-,Ik 



xj {x')ir ... {X% 

x;^-^ ... (x'^-i)^ 



... Xf 

ik 

Conjecture 5.4. The algebra of invariants i^[rri]^ is generated by the 
ibined minors 
and Ji, J2,. . ., Jfc 



combined minors Dj^'j^'"''j'', where the conditions 1-4 hold for /i,/2 
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